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Motivation

MPA-RTC used successfully on acyclic systems

* For systems with cyclic dependencies the foundations of the
formalism are less well understood
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Fixed point iteration

Zin = (agn’agn7ﬁzl'n”82un lﬁ’m
QXin b L4
Zh .= (ala aua Bla IBU) —li"gjl Tl/\\a;; —» Oout

Z — (ZZ’TM Zh) ﬂout
W : mapping > — 3 according to transfer functions of RTC
Fixed point >*: solution of equation X = W(X)

Starting from an initial approximation >0 we can compute the
sequence 30 31 32 with Tl = w(XZ*) hoping that it
converges to a limit *
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Questions

* Will any fixed point of W correctly characterize all possible
behaviors of the system ?

* Can there be several fixed points ?

* Ifso, is there an optimal fixed point
(i.e. one that provides tighter bounds than all others) ?

* Can an (optimal) fixed point be computed as the limit of a
sequence 30 51 52 of approximations?

* Will the iteration always converge to a limit >~ * ?

* How to choose the initial approximation 30 ?
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Related work

 [Jersak, Richter, Ernst - 2005]

- Consider cyclic dependencies in periodic-with-jitter event model

- Only informal statements about convergence properties

e [Schigler et al. - 2005]

- First results on Cyclic Network Calculus
- Several implicit assumptions

- Ignore problem of zero-delay cycles
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Contributions

* We introduce a simple operational model of distributed systems and
develop a general operational semantics underlying the
Real-Time Calculus

* On this basis we show that the behavior of cyclic systems can be
analyzed by fixed point iteration

* We prove central properties about faithfulness of fixed points
computed with RTC

* We provide a method that leads to the optimal fixpoint
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In general fixed points are not unique...

execution time full :
periodic event stream O = O — 1 ull service
P=> =12 — bandwith =1

Fixed point 1 (optimal): Fixed point 2 (wide):
a g T

______________________________________________________________________________
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Operational model (1)

Uz"n,, 1

n,n

¥1

Component = trace mapping

System = trace transformer
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Vout,1 out! 1 V' . setof streams
¥2 Tr(V) : setoftraces
Vout .k out! m on streams V
Trace: o: Vi ((RxR)—R20)
eg. o(v)(s,t) := numberofeventsininterval [s,t) on

streamyv

P . T"“(V:in) = T""(Vout)

(12 TT(Vz'n U Vout) = TT(Vin U Vo'u,t)
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Operational model (2)

Vin1 Vout,1 Vout! 1 V : set of streams
b : b : Cha'r(V) - set of characterizations
1 2 on streams V
vin,n Uout,k vout’,m

“Characterization = set of traces”

Stream characterization: ¥ : V — 2((RXR)'—>RZO)

e.g. > (v)(s,t) := boundson number of events in interval
[5, t) on streamv

cE=X iff YweVo(v) e X(v)

Component = characterization mapping & : Char(V;,) — Char(Voyut)
System = characterization transformer W : Char(V;,, U Vout) — Char(Vi, U Vout)
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Assumption: Simulatable system (1)

¢ ¢ b
= = = . =
| | | -- >

70=0 1 T2

Vi >0 oc~po = Y(o) gy Y(oh)

“Any trace on Vj,, induces a unique trace on V,; ”
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Assumption: Simulatable system (2)

This assumption excludes: * Non-deterministic components

* Zero-delay cycles

In MPA-RTC a system is simulatable according to the previous
definition if:

* The time needed to process events on a components is > 0

* The system does not contain any cycle of resource streams
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@ Correctness of fixed point

Question: Given YV, 2.,,, Oin — 2 ;n

Will the trace

Y¥(0in) oninput oy, satisfy the

limit of a sequence ZO, \U(ZO), \U(\U(ZO)), L2

Y (oin)

if =0 is satisfiable and also agrees with 2_;,, on Vj;, then

=_, W(Z%) Vi>0

(2 (s (2
= — —
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Correctness of fixed point

—> * The iteration is safe

* If it converges then the fixed point is correct

m Swiss Federal Computer Engineering #2&
Institute of Technology 3 and Networks Laboratory



@ Convergence

Question: ~ When will the sequence 30 W (=0) w(w(xZ9)),...
converge ?

— introduces a partial order _ on Char(V):

SCY iff oEXZ=cE=X VoeTr(V)

Assume (Char(V),C) constitutes a chain-complete poset and
W is monotone and continuous

—% W hasunique smallest fixpoint 2"
>0 w(Z0), w(w(x9)),... - =* if
e 30 agrees with 2_;,, on V;,,
e 30 s satisfied by at least one actual system trace
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® Initial approximation

Question: How to choose 30 2

1. Construct O such that 0|Vi — 3> in and satisfies 2"

e.g. Find one actual system trace by simulation

2. Let 25 bethetightest characterization for & Alternative:
long term rates

Use 3 asinitial approximation 2 g [Schigler 2005]

3) Perform fixed point iteration

Guaranteed convergence to 2* (optimal fixed point of W)
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Example

ar
periodic P =10 8

———————————————
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Example (1)

o '

— e | n e Simulation:

1 ﬁll \ trace O [R]

T (0%
I & 11 Tt 1
<+—r <« >
4 16

a/u — R@R
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Example (2)

______________________________________________________________

______________________________________________________
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Accuracy

Open problem

v «—C=Y
i

ﬂI*

«—=

ar

AR
W ””/,/,,
MY
,UJ,m,fn,
MY
m ]
- N
. LB
e |
WYY
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|_|__|__||_|_|
e T
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Open Problem: Cyclic data-streams

initial
token > Ty > Ts

I
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Thank you!

Simon Perathoner
perathoner@tik.ee.ethz.ch
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